
the electrostatic selfenergy. Therefore: 
+ 30 +00 /+OO .2 
J / d u - J / d u ^ i J j du (4.14) 

—00 —00 \—00 / 

but since (+Ff(u,t) du ) = K4 <p2/(4 JI e)2 (4.15) 
\ — 00 / 

we have £ m ( u 2 ) — k2 cp2\8n n= \ m(u2)t=0 (4.16) 
or £ m(u2) + E2/8JIJI= £ m(u2)t = O . (4.17) 

From the generalized temperature defined by Eq. 
(2.30) we have: 

y.T = xT0 + m(u2) —m(u)2, (4.18) 
for / = 0 we have in particular: 

x T 0 = [ > i T ] t = () (4.19) 
therefore: (u2)t=0= (u)2t = 0 = u02. (4.20) 
From (4.17) follows therefore: 

m{u2) = m u02 — F2 /4 n n . (4.21) 

Or making use of (3.45) : 
m(u2) =m u02( \ —e~2yt sin2 cop t). (4.22) 

On the other hand from (4.9) it follows that: 
m(u)2 = m u02 e~2yt cos2 cop t. (4.23) 

Inserting (4.22) and (4.23) into (4.18) we fi-
nally have: 

xT = y.T0 + mu02(l-e-2rt) (4.24) 
which becomes 

T/T0 = e2(s-s0)/»* = 1 + (m uq2/y* T0) (1 - e~2yt). 
(4.25) 

At t = 00 all the energy is converted into thermal 
energy: 

y.Too = y.T0 + m u02. (4.26) 
In Fig. 5 a plot is given for the change in the 

generalized temperature as a function of time. 

Fig. 5. Time-dependence of the generalized temperature for 
L A N D A U damping of electrostatic plasma waves. 

From Eq. (4.25) we conclude that for L A N D A U 

damping the generalized temperature T is a steadily 
increasing function of time. The same applies to S, 
which is a satisfactory behavior for a quantity called 
entropy. 

We would like to add the remark that for an 
initial disturbance in the distribution function which 
has the form of a (5-function f(u, 0) =Ad(u — u0) 
one obtains the undamped V A N K A M P E N modes. Only 
in this special case T = const and therefore also 
S = const. 

Effects of Magnetic Shear on Density Gradient Drift Instabilities * 
K A Z U O K I T A O * * 
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The amounts of magnetic shear necessary to stabilize density gradient drift instabilities are 
estimated for a plasma with 1 ß > m/M where /? = plasma pressure/magnetic pressure, m and M 
are the electron and ion masses. The stability criteria for electrostatic convective modes are shown 
to be slightly modified from those obtained previously for ß < m/M. For ß > m\M however, we 
must also consider unstable A L F V E N type modes. It is shown that the critical amount of magnetic 
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§ 1. Introduction 

Because of the necessity of stabilization of high 
temperature plasmas in thermonuclear devices, the 
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cially for collisionless plasmas, only the electrostatic 
perturbations have been considered assuming a low 
ß situation ß<m/M, where ß is the ratio of plasma 
to magnetic pressure, and m and M are the electron 
and ion masses. For ß>m/M, however, such an 
electrostatic approximation is not precise and we 
must also consider the perturbation of the magnetic 
field, especially when the phase velocity along the 
unperturbed magnetic field is of the order of the 
A L F V E N speed. In the present paper, therefore, the 
amounts of magnetic shear necessary to stabilize 
drift instabilities due only to density gradient are 
evaluated for a plasma in which ß satisfies 

m/M<ß< 1 . 

Since we assume ß ^ 1, we can neglect the com-
pression of the magnetic field and we consider only 
the bending as a perturbation of the magnetic field. 
In the absence of magnetic shear, it is known that 
there exist two unstable modes in such a plasma: 
one of them corresponds to the ion sound wave and 
the other to the slow A L F V E N wave (see Appendices 
A and B). 

As has been shown in the previous works, the 
sheared magnetic field has two main effects which 
tend to stabilize drift instabilities. One of them is 
an effective increase in the ion L A N D A U damping 
available for stabilization: (a) through the propa-
gation of the wave packet6 or (b) through the ex-
pansion of the "potential" well, into the region 
where the L A N D A U damping by the interaction with 
resonant ions is strong. The other is the shrinking 
of the localized region of the wave packet until it 
can not exist 2. 

where ve and v\ are the electron and ion thermal 
velocities, b = a2 {kx2 + ky2)/2 , a is the ion gyro-
radius, V\ is the A L F V E N speed, / 0 is the modified 
B E S S E L function of the first kind, and 

k„cT 1 dn 
coe= " - v • 

e o0 n <±r 

The following seven assumptions have been used: 

8 A . B . M I K H A I L O V S K I I and L . I . R U D A K O V , Zh. Eksperim. Teor. 
Fiz. 44, 912 [1963] (Soviet Phys. -JETP 17, 621 [1963]). 

In the next section, the methods to be used in 
the present paper are discussed by briefly review-
ing those used in the previous works (see also Ap-
pendix C). In § 3, it is shown that the stability cri-
teria for convective electrostatic modes are only 
slightly modified from the previous ones obtained 
for ß<m/M. In § 4, stability criteria are derived 
for both convective and non-convective unstable 
A L F V E N modes. It is found there that the critical 
amount of shear for stabilization decreases with ß 
for the convective A L F V E N mode and increases with 
Vß for the non-convective one. 

In Appendix A, we derive the dispersion relation 
in the case without magnetic shear using a simple 
method different from the previous ones. The dis-
persion relation obtained in Appendix A is used in 
§ § 2 — 4 with some modifications introduced by the 
magnetic shear. In Appendix B, the analysis of the 
drift instability is briefly given. In refs. 1 ' 2 and 5, 
some stability criteria for non-convective electro-
static modes have been derived. However, since 
their derivations, in particular, by Russian authors 
might be difficult for the readers, we derive them 
in Appendix C in which we use the dispersion rela-
tion obtained in Appendix A. 

§ 2. Method 

We consider a plasma with a density gradient 
dn/dr in the x direction and a magnetic field B0 ez 

along the 2 axis. Using the V L A S O V and M A X W E L L 

equations, the dispersion equation for low frequen-
cy modes in the absence of magnetic shear is given 
by 8' 9 (see also Appendix A) : 

(2.1) 

^ k2 vk2 j = b k2 vA2 {co - coe), 

(1) the time-space dependence of perturbations 
varies as 

exp (i co t + ikr) , 
(2) kl.j) 1 where A D is the D E B Y E length, 

(3) 

(4) the electron gyro-radius is much shorter 

9 A. B. MIKHAILOVSKII, Voprosy Teorii Plazmy (Problems of 
Plasma Theory) Vol. 3, Atomizdat [1963], 

X |co (co OJe) - --—-



than the wavelength, 

(5) kL = Vk* + k/>kz, 

(6) v{ < 1 w/k2 j < ve , and 

(7) co Q t = the ion gyro-frequency. 

Also the local approximation has been used, in 
which the particle density and its gradient dn/dx are 
treated as constant. As is shown in Appendix B, Eq. 
(2.1) gives us two unstable modes: one of them 
corresponds to the ion sound wave and the other to 
the slow A L F V E N wave. 

In considering the influence of magnetic shear, 
as usually done, we take an unperturbed magnetic 
field of the form B = B0ez+(x/Ls)B0ey where 
Ls is the shearing distance. Then the shear effects 
can be taken into account by the substitution of 
k\\ = kz+ (x/Ls) ky instead of kz in the dispersion 
equation (2.1) 2 ' 6 . Solving Eq. (2.1) about &4=0 1 0 , 
we can estimate kx(x, <o) and also the amplitude of 
wave packets after their propagation over a certain 
distance6 (for convective modes). On the other 
hand, the substitution of d/dx for ikx gives us a 
differential equation for the perturbations2. The 
differential equation in the small or large wave-
length limit usually has a form similar to the 
S C H R Ö D I N G E R equation with a complex "potential". 
Now our problem is to find the finite solution for 
unstable perturbations (for non-convective modes). 

As mentioned below, the treatments of the pre-
vious studies on the shear effects may be classified 
into two or three kinds according to the character 
of the unstable modes. Russian authors112 have 
derived some stability criteria fro localized un-
stable modes. They used the fact that the potential 
well shrinks by the introduction of magnetic shear 
and the localized unstable solution cannot exist if 
the width of the localized region becomes narrower 
than the wavelength along the x axis. M I K H A I L O V -

S K A Y A and M I K H A I L O V S K I I 1 and also G A L E E V 2 ob-
tained the following stability criterion for electro-
static modes: 

Ls/r<(r/ayi\ (2.2) 

They considered a temperature gradient as well as 
a density gradient. From other considerations, they 
both obtained another criterion which is essentially 
the same in both papers: 

L s / r < ( r / a y > ß - l u . (2.3) 

We can see that Eqs. (2.2) and (2.3) are indepen-
dent of the temperature gradient. In Appendix C, 
we also derive them for our case without a tempera-
ture gradient. 

K R A L L and R O S E N B L U T H 5 derived a different sta-
bility criterion for ß<m/M 

Ls/r<2V2(r/a). (2.4) 

In deriving this criterion, they considered a condi-
tion that the oscillating region of the "potential" 
expands, by the introduction of shear field, into the 
region in which the ion L A N D A U damping prevails. 
The above three criteria have been derived by con-
sidering a spatial variation of a)e . It seems curious 
that Eqs. (2.2) and (2.3) are derived considering 
the contraction of the potential well by the magnetic 
shear, while Eq. (2.4) is derived considering the 
expansion. In Appendix C, we derive the above 
three criteria and discuss them. 

The two methods mentioned above are concerned 
with non-convective unstable modes and are appli-
cable in cases in which two or more turning points 
are found. We must still consider convective un-
stable modes if they exist. C O P P I et al. 6 recently in-
vestigated the shear effects for convective-type un-
stable electrostatic modes in a plasma with a density 
gradient and ß<m/M. Considering a convective 
solution with a form 

X 

cp(x, t) =<PoJ / (co) e x p { i / kx{-co, x) dx + i<o t) dco 

and choosing j{<o) = exp{ — (co — a>0)2 7"2/2} with 
o_>o T > \ , they obtained a general stability criterion 

x 
- F Im kx d x < UQ . (2.5) 

Here exp (n0) represents a tolerable growth of the 
convective mode during its propagation towards the 
region in which the ion L A N D A U damping predomi-
nates, and the limits of integration should be de-
termined from the assumptions used in solving for 
kx(x,u>). It is necessary for the application of Eq. 
(2.5) that no S T O K E S phenomena occur along the 
path of integral. 

In the following two sections, we shall derive 
stability criteria for convective modes by use of Eq. 
(2 .5) . In § 4 , we also derive a stability criterion 
for non-convective A L F V E N modes by considering 
the contraction of the potential well. 

10 For 6 = 0, we have no unstable drift waves provided ^7T = 0. 



§ 3. Electrostatic Modes 

If we assume | co(co — coe) j k\\2 vA2 in Eq. (2.1), 
we have the dispersion equation for electrostatic 
drift waves. As is shown in Appendix A, this ap-
proximation is valid for ß<m/M which is equi-
valent to 2 V\2 > v 2. In the long wavelength limit 
(b < 1), where we have to [ ~ oj e , remembering 
the assumption V\ a>/A:|| j v e , we can be sure 
that the neglect of the perturbed magnetic field is 
always valid for ß<m/M. For ß>m/M, however, 
the electrostatic approximation is allowed only un-
der the condition 

v1<\w/k]\\<vA. (3.1) 
In the long wavelength case, from Eq. (2.1) we ob-
tain approximately 

b__<o±<o.l1_ i V _ » \ + W (32) 
u ) — c o e \ j A n I f e / 2 o r 

where we put k\\ = (x/Ls) ky for kz in order to con-
sider the shear effect. This is naturally the same as 
Eq. (16) of reference6 except for the condition 
Eq. (3.1). Explicitly taking into account Eq. (3.1) 
we briefly repeat the calculation similar to that done 
in ref. 6. Putting i kx = d/dx in Eq. (3.2), we obtain 
a differential equation for the perturbations. Under 
the present limitation of constant density gradient, 
there exist no non-convective normal modes, for 
which the shear stabilization was considered by 
K R A L L and R O S E N B L U T H 5. Then we consider the sta-
bility of convective modes by use of Eq. (2.5). 
Neglecting ky compared with kx on the left-hand 
side of Eq. (3.2), we obtain the amplification during 
its propagation 

Ju 

f Im kx dr 

M i 
(3.3) 

1/ \ m r \ 
1 — coj 

1 + cö I 
In 

where 
co = | co/coe I and | = (2 r xja Ls co). 

The limits of the integration are determined by Eq. 
(3.1) and also by the condition of the neglect of 
the ion L A N D A U damping. 

1 > P > f i - S l a n . (3.4) 
ln j M 1 + OJ 

1 -ÖJ 

We must notice that no S T O K E S phenomena 11 occur 
along the integral path. 

11 E. C. KEMBLE, The Fundamental Principles of Quantum 
Mechanics, McGraw-Hill, New York 1937. 

Substituting cö ̂—• ("|/5 — 1) /2 corresponding to 
the maximum amplification, we obtain a stability 
criterion 

— < 1 2 ] / — n0 A , (3.5) 
r \ 'm 

where 
J -A ^ l n d L x / l L i n ) = ln { - , 
I y ? l n ( 4 ] / M / m ) J * 

As expected, the stability criterion is only a little 
different from the previous one for / ?<m/M. 

In the short wavelength limit (b ^ 1), only the 
electrostatic modes with {co 0Je are found to be 
possible and their dispersion equation is given by 
Eq. (A.32) in Appendix B. In the derivation of the 
stability criterion, the integration limits in Eq.(2.5) 
are hardly affected by an additionl condition 

I CO (co — 0 _ ) E ) I < &||2 V\2. 

Therefore, the stability criterion is not altered from 
the previous one obtained for 6 ß < m / M and we 
need not write it down. 

§ 4. Alfven Modes 

As is shown in Appendix B, the unstable A L F V E N 

modes exist in a inhomogeneous plasma with a den-
sity gradient provided v\ % \ cô || |12. Till now, 
only a few authors have discussed the shear stabili-
zation of these modes. For a plasma with a tem-
perature gradient as well as a density gradient, 
G A L E E V 2 derived a criterion of shear stabilization 
for such modes. He took into account the spatial 
variation of (dn/dx)/n. The unstable mode which 
he considered is only a non-convective mode. In the 
present paper, coe is assumed to be constant. As we 
see below, both convective and non-convective un-
stable A L F V E N modes are possible. First we consider 
the shear stabilization of convective modes. 

(A) Convective Modes 

In the long wavelength case, the dispersion equa-
tion Eq. (2.1) is reduced to 

k]\2vi2 
f(C0 + 0Je) ( l - ^ 1 - ^ - 2 CO 2 

(a) — oje) 

{co(co - coe) - k\\2 UA2} = b k\\2 v\2(to — OJ6), (4.1) 

where we use = kz + (x/Ls) ky instead of the pre-
vious kz in order to consider the shear effect. 

12 We must notice that the unstable A L F V E N type modes exist 
even in plasmas with a density gradient only. 



We consider wave packets localized in a small 
region <5 around x = 0 such that ky d/Ls is negligible 
compared with constant kz . Then, two turning points 
which may allow the existence of non-convective 
modes cannot be found in a region 0 < x < x m where 
xm is defined by 

(xm/Ls) ky = kz . 

When the wave packet travels a distance x m , we 
might regard the instability as being destroyed. The 
reason is that after it travels xm, Eq. (4.1) is satis-
fied only by 6 ~ 1 which is inconsistent with the 
assumption used in deriving Eq. (4 .1) . Even 
in the case that this picture fails, however, there is a 
possibility that the following consideration appears 
to be reasonable. That is, the time ty in which the 
wave packets traverses xm is longer than an operat-
ing period of plasma devices. In this case the wave 
packet will be reflected at most once from the turn-

ing point. The group velocity in the x direction can 
be estimated to be roughly coe/kx . Thus we have 

J\>2 f^x i / j 
tj ~ 0 where vli = coe/ky. 

f j ky~ 

For example, considering Eq. (4.5) derived below, 
we obtain 

kzkx r2 / M V'» 
*r — — 1 0 n o -ky- V[ a \ 7i m J 

If we assume r = 10 cm, V[= 107 cm/sec, a = 1 cm 
and 

have tT < 10~4 — 10~3 sec . 

Following the method used in reference 6 we discuss 
the stabilization of such convective A L F V E N type 
modes. 

The frequency of the unstable A L F V E N mode is roughly given by 

V 
Then, putting co = co0 + dco in Eq. (4 .1) , we obtain 

]/N OJ0 — Im kx = — l/jr (Qp 1 l /a)0 + oje + Sw L 117 
a kzve kzvA \ | co0 — coe | | \ \ 

, 1 2 , , 2 I + KZ V\ + 
n , u 

V A (4.2) 

where we neglected ky compared with kx in b— \ ar (kx2 -f ky2). 
Regarding d<o as a parameter, we can avoid the difficulty arising from the strong x-dependence of the 

frequency. Integrating Eq. (4.2) with respect to x gives us the amplification of the wave packet during 
its propagation 

^m 

V*1 I / COp + COe + [ l d a ) l / ( Ü ? e 
a kzve kzv\ [/ |co0-coe| J \ \ \ 2 _ _ 

o 
(4.3) 

— j" Im kx dr = — 
o 

+ k2 vA + kz2 v\~ dx . 

We use a general criterion of shear stabilization of 
convective modes, Eq. (2.5) , given in reference6. 

For simplicity, we first consider the case in which 
2 coe2mkz2 vA2. In this case, the frequency eo0 of the 
unstable A L F V E N mode is equal to that of the electro-
static mode and is given by oo0 = — coe . After the 
integration over x, taking a value of dw correspond-
ing to the maximum amplification, we obtain a sta-
bility criterion 

L s / r < 1 2 n 0 ( M / ^ m ) ' / l . (4.4) 

As Im kx is nearly proportional to to0 , the amount 
of shear necessary for stabilization is expected to 
become smaller for smaller values of co0 . In fact, for 

c o e 2 > 4 kz2 vp2 where — coe(kzv\/toe)2, 

similar calculations give us 

yn L 

- / Im kr dx = 
6 r 

yn Lj 
6 r 

m Kz v A 
M \ c o e ) (4.5) 

k?\2 / 2 r\2 1 m 
M \k a ß' 

Thus we have a stability criterion 

U < 6 " o j r 
n m 
M V k, v \ (4.6) 

r \2 / k„ 1 M 
n m ß. 



Then we find that the amount of magnetic shear for 
the stabilization of convective A L F V E N type modes 
becomes smaller for a plasma with higher ß. The 

above treatment may also be applied to the case 
where b is not much smaller than unity, but the cal-
culation will become complicated. 

(B) Non-convective Localized Modes 

Regarding co as determined by an eigenvalue equation, wre can also consider non-convective localized 
modes. Neglecting the small imaginary part and replacing kx by — i ( 3 / 3 x ) in Eq. (4.1), we have a dif-
ferential equation like S U Y D A M ' S 1 3 : 

d2 

dx2 i k j 2 — 
2 co + oje 

a2 co — co p 
CO (ft) — OJe) 

k\|2 vA2 
<p(x) = 0, (4.7) 

where = (x/Ls) ky. This equation has a singularity at x = 0. However, it has been derived under the 
assumption | co/k\\ ve j ^ 1 and is not applicable for small x such that j co/k\\ ve | 1. For such a region 
around x = 0, which we denote region I, using the asymptotic formula of the W function for both electron 
and ion, we have a differential equation [see Eq. (A.20) ] 

d2 

dx2 
k2 + 1 M ß 

a2 2 m 1 + 
1 M ß co + cof 

i2 2 m co — o)r 

For an intermediate region of x (region II), in 
which we do not have any good approximation for-
mula of the electron W function, we must inter-
polate from both sides to obtain an adequate equa-
tion. However, its derivation is not necessary for 
our dicussion. The "potential" JJ(x) of Eq. (4.7) 
which is valid in region III has two turning points 

± xx = ± ]/co (ft) - 0Je) /ky2 vA2 Ls. 

Since we consider the non-convective mode, we must 
have a potential well between the two turning points. 
Since we have assumed b 1 in the derivation of 
Eq. (4.8), the inequality 

ft) - f - ft)e 

1 > > 0 

and must also be fulfilled. Then we have co < — coe 

| ft) | coe. Thus we find 
x1^Ls(vi/vA) (air). 

Because ft» < — coe, there exists a potential hill 
in region I, whose width is so narrow that the last 
term in Eq. (4.8) can be neglected. The neglect 
of the last term is consistent with the assumption 
| co/k\\ ve |> 1. Then Eq. (4.8) is reduced to 

1 (x) = 0 . (4.8') dx2 { y 2 ma2 \ co 
We can draw a schematic profile of the potential 
U(x) as shown in Fig. 1. The inner turning points 
± x 2 may be taken as \<o/k\\ ve\^l. Thus we have 

x2^Ls(vJve) (air). 

I 2 r 2 

,.,2 

T 2)1 
X2-j !<?(*) 0 . (4.8) 

When the shear increases, the width of the potential 
well shrinks and becomes narrower than the wave-
length Xx . Even if the potential hill in region I is 
transparent, the localized solution can not exist pro-
vided 2 xx < Ix . Then we have a sufficient condition 
for stabilization 

U 3 
V.\ <K 

(4.9) 

> 1 

which is rewritten 

Ljr<C/Vß, 

where C - = ft) + OJe 

Whether the potential hill is transparent is not im-
portant for the above derivation. However, if 

Ljr>C/Vß, 

we can easily find that the hill is not transparent 
and that its width is too large to use the connection 
formulas. The connection formulas at x = ± x 2 can 
be used only if the relation 

fVU(x) d x > l 
-x-t 

is satisfied, from which we obtain 

Ljr > C/ß]/m/M. 

Therefore, if Ls/r > Cfy ß, finite solutions exist. 
That is, the criterion Eq. (4.9) is the necessary and 
sufficient condition for shear stabilization. This is 
also derived by use of the S U Y D A M type of analysis. 

13 B. R. SUYDAM, Proc. 2nd Conf. U.N. on Peaceful Uses of Atomic Energy, Geneva 31, 137 [1958]. 
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Fig. 1. Profile of the potential U (x). 

The formal solution of Eq. (4.7) is given by 
<p{x) = c o n s f ]/x Kiv(ax), (4.10) 

where Kiv is the modified B E S S E L function of the 
second kind, 

v2 = * 2 - l / 4 , 

2 L s 2 co (co + coe) 

and 

x 2 -

a~ co — coP 

If v 2 < 0 , there exists no finite solution. From v 2 < 0 , 
we obtain the condition of shear stabilization Eq. 
( 4 . 7 ) . G A L E E V 2 obtained a similar criterion for a 
plasma with a temperature gradient as well as a 
density gradient. However, his criterion is not ap-
plicable in our case. 

The stability criterion contains a factor C larger 
than unity. The evaluation of C is difficult in our pre-
sent treatment. It should be estimated by a more 
quantitative treatment, for example, by numerically 
solving an integral equation which will be obtained 
by taking into account more rigorously the x de-
pendence of the perturbations. 
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Appendix A 

Derivation of the Dispersion Relation 

In this appendix, using a rather simple method 
compared with the previous ones, we rederive a 
known dispersion relation for low frequency waves, 
including electromagnetic modes, in a spatially in-
homogeneous plasma with a density gradient d/i/dx 
in the x direction, a magnetic field B = Z?0(.r) ez 

along the 2 direction and no magnetic shear. The 
equilibrium distribution function, satisfying the 
V L A S O V equation and M A X W E L L ' S equation, is taken 
as 

foj = n (ajfn)s / s exp ( - a} v2) j l - -j- (x + ^ j j , 

^ ( A . L ) 

where j denotes the species of particles; 

Hj = nij/2 Tj = l/vf 

in which Vj, mj and Tj are the thermal velocity, 
mass and temperature of the j species; 

1 dn;-
Qj = ej Bjnij c , and hj = — nj dx 

From the M A X W E L L equations 

V x B 0 = — 2 Zej f fojVdh, 

we find 

V x E 0 = 4 . i 2 ei j foj = 0 
i 

he = ht = r and 
dB0 4 TI n 
dx r Bn 

(Te + Ti). 

In order to get the dispersion relation for the case 
where me/m; < ß ^ 1 , it is rather convenient to 
introduce the vector potential A <?, parallel to the 
unperturbed magnetic field as well as the scalar po-
tential cp for the perturbed fields and . 

rv 1 3 A 

B 1 = Vx(Aez). 
The above choice of the vector potential means that 
for m c / m [ < ß ^ 1 we consider only bendings of the 
magnetic field of the perturbations and that we can 
neglect the compression. We can also neglect a drift 
due to dBjdx in a case of such low ß. 

<p and A satisfy the equations 

1 

_ a 3 2 

c2 dt2 
A = 

4 n 
h 

(A.2) 

(A.3) 

Here o is the charge density and )z the current den-
sity along the 2 direction 

(A.4) Q= 2 Jfijd3v, } 

iz = 2 ej f hj vz d3ü , 
i 

(A.5) 



where is a small perturbation from the equi- where the integration is carried out along the par-
librium distribution and is given by solving the tide orbit in the lowest order. We assume a time-

space dependence of the perturbations as follows: linearized V L A S O V equation 
e 

rri; c ~df + V ' V / l i + — V X ß » ' V " f ] i hi f / l 

E 1 + v xBA • V vfoj. 
(A.6) 

<p j = j <p } exp { i ( f c - r + a>f)} 

where 9?, Ä and /1;- are treated as constant in the 
We solve Eq. (A.6) by the method of characteristics i o w e s t o r ( j e r < We are interested in a weekly inhomo-

geneous plasma and the present considerations are 
restricted to kxr 1. 

I ( E I + 1 V X B J ) • V I ' / O J ? ( A . 7 ) 
rrtj J \ c / 

Substituting the perturbed distribution function Eq. (A.7) into Eqs. (A.2) and (A .3 ) , we obtain the 
homogeneous equations for 9? and A 

2k% { 1 - (w - wrf — 2 klj (co - Wj) < P 2 j Ä = 0 , 
j c j 

— 2 (co - toj) <P2j cp + \k2 + \ 2 k% (to - Wj) <PSj \Ä = 0 , 

(A.8) 

(A.9) 

where k% = 4 nnj ej2/Tj, OJ;- = kyj 2 Qj r , 

kL — k 2 -F- ky~, b = k\ v}2/2 Qj2, 

®2j = 
1 

2 Ln(bj)e-b>W 
*>z n= — OO 

kz Vj 

OJ + n Qj 
kz Vj 

W(z yn J t+z 

2 2 (w + nQj) ln(bj) e~b>W 

i Y n z e x p ( - z 2 ) + 0 _2 

+ Tl Qj 

(A.10) 

(A.11) 

(A.12) 

4 + . . . , U | > 1 
(A.13) 

w=—00 \ kzVj 

1 + 3 

2 z 2 • 4 z4 

|i "j/a 2 exp (—z2) — 1 + 2 z2 ( 1 - § z2+ ...), \z\<l, 

and we assumed co2 k2 c2, k2 ^ k\j, and £> = 0 which mean the quasi-neutrality of charge. We see that 
Eq. (A.8) without the second term is the usual dispersion relation of the longitudinal electrostatic mode. 

Since we consider low frequency perturbations | <0 | Qi, all terms with n 0 can be neglected. Then 
we have the dispersion relation 

L ; 

CO Iklj 1- 1- —f (I + Wj) I0(bj) e~b> 
w 

k2 + w 
c2 kz~ j 

to; 
co 2 1 - ^ JVj/0(bj) (A.14) 

w 
+ c 2 k 2 k d i 

Wi 
2 (1 - ^)JVjI0(bj) e~bj = 0 

which is easily reduced to the next form 

A[-—jB-k2\ + k2B = 0. 
y k, 

Here 

and 

A = 2 kdj (l — °^\Wjl,(bj) e~b], 

w 
B= (1- ~)lo(bj) e~b} I. 

(A.15) 

(A.16) 

(A.17) 



1 -
co„ 

1 - i VJ 
k, vf 

{ I0(b) e~b 

X \co(cti — co,) - t 2 .. 2 ^A O /C2 UA y> 1 -

( A . 1 8 ) 

\ 

co r 

We must remark that Eq. ( A . 1 5 ) is also applicable for plasmas consisting of many species. 
If we further assume V\ ^ ' oi/kz ' ve and bP ^ 1 , Eq. ( A . 1 5 ) is reduced to 

T W , 2 

r ; \ CO j 2 co2 

6 k2 vA2 

* 5 . 1 ~h{b)e~\ 
where we use a relation ke2/c2 k\_2 = [Ti/Te)/b vA2, in which b = b[. When we assume ^ kz and put 
k2/k±2 = 1, Eq. ( A . 1 8 ) is reduced to the dispersion relation obtained by M I K H A I L O V S K I I 9 . 

For the same conditions, we can also write the dispersion relation as follows: 
co 

I ,cz 

1 -iVji 

2 - 1 
0)i 
CO I0e 

i n , . 
1 -

ß 1 -
COi 
CO 

1 -
CO 

coe 

CO 
CO 

k, I vt 
|1 - 7 . ( 6 ) e - » ( 1 + ^ = 0 , ( A . 1 9 ) 

kz2v22b 

where we assume further Te = T[ and also we use the relations v-2/vA2 = ß/2 and c2 k\_2jk2 = b V\2. 
This is the expression obtained by K A D O M T S E V 14. If we neglect the last term in Eq. ( A . 1 9 ) , it gives the 
usual dispersion relation of the electrostatic drift wave for ß<m/M where m = me and M = m\. In 
Eq. ( A . 1 9 ) , we can see that when ß<m/M the last term is always negligible and that when ß>m/M we 
can not always neglect the last term. 

For Vi ve j co/kz |, using the asymptotic formula of the W functions for both electron and ion, we 
obtain a dispersion relation 

coe \ | k2 v2 . . co 
1 + H 2 co2 \k \ ^ CO 

CO* X ico (co — coe) b k2 vA2 

l-I0(b)e-b 
= b k2 vp2 (1 — 

coe\ 
CO j' 

( A . 2 0 ) 

where we assume Te = 71; and we rewrite coe = | ky/2 ae ß e r J instead of coe — ky\2 ae Qe r. In the text and 
also in Appendices B and C, we use this new definition of oje . 

Appendix B 

Analysis of Stability 

On the basis of the dispersion relation obtained 
in Appendix A, we discuss some limiting solutions 
obtained for long and short wavelength. Here we 
assume equal electron and ion temperatures, and we 
also assume Vi | co/kz | ^ ve . 

1. Long Wavelength Case (6 ^ 1) 
In this case, using an approximation 

7 0 ( 6 ) e~b = 1 — b, 

Eq. ( A . 1 8 ) is reduced to 
co \ k2 v-2 

k z \ J " 2 w2 

x { c o (co - CO g) - k2 vA2} = b k2 VA2(OJ - c o e ) , 

( A . 2 1 ) 

from which we can find three modes: one of them 
corresponds to the ion sound mode and the other 
two to the slow and fast A L F V E N modes. 

1. a) E l e c t r o s t a t i c M o d e s 

When co2 kz2 vA2 we find a nearly electrostatic 
mode, the frequency of which is roughly equal to 
— OJe. Then, putting co = — coe + 6co in Eq. ( A . 2 1 ) , 

we can find easily 
2 b fkzvi\2\ 

( A . 2 2 ) 

coP \ 
1 — (2 co 2/k 2 vA2) \ co 

X 1 - itfn 

(co + coe) 1 — i Y?z 

dco = coe 

I ve) 
Therefore, the instability condition which means 
Im OJ < 0 is written as 

2 b (kzv jx2 

COp 1 — (2 coe2/k2 vA2) 

1 4 B . B . K A D O M T S E V , Zh. Eksperim. Teor. Fiz. 45, 1 2 3 0 [ 1 9 6 3 ] (Soviet Phys.-JETP 18, 8 4 7 [ 1 9 6 4 ] ) 

> ( A . 2 3 ) 



or k2 vx2 > 2 ft)P2 and 2 6 > ( - ^ - V . 
\ J 

The last inequality is rewritten as 

ki2> k2(Qi/coe)2> k2, 

which is consistent with the initial assumption, and 
it means that the unstable electrostatic modes pro-
pagates almost perpendicularly to the magnetic field 
because waves with kl ~kz are strongly damped by 
the ion L A N D A U damping. 

1 . b ) A L F V E N M O D E S 

Under the condition that the second bracket in the left-hand side of Eq. ( A . 2 1 ) is roughly equal to 
zero, we get the slow and fast A L F V E N waves whose frequencies are roughly given by the solutions of 
co (co — oje) — k2 vA2 = 0: 

CO p We Y+k2Va2, 
2 

o)P W + KZ2 V\2. ( A . 2 4 , 2 5 ) 

Substituting OJ = co2; 3 + Sco into Eq. A.18) with TE = T; and using the approximate formula 
I0(b) e~b=l-b+ib2, we get 

2 b KG2 v\2 b k2 vA2 (OJ2 - coe) (1 +i Vno)J| kz \ ve) Sco = -

for the slow wave, and 
3V(coe/2)2 + k/vA2 

SOJ = 
2 b k2 vA2 

for the fast wave. 
3j/(coe/2)2 + k2 vA2 

+ 

2 (co2 + coe) Y (coe/2)2 + k2 vA2 

b k2 vA2 (co3 - 00e) (1 + i yn CO3/I kz \ vA) 
2(CO3 + coe) y(coe/2)2 kJ vA2 

(A.26) 

( A . 2 7 ) 

From Eqs. ( A . 2 6 ) and ( A . 2 7 ) we can easily find 
that the instability condition for the slowT wave is 

2 coe2 > kz2 vA2 

2 + co 

and that the fast wave is alwTays stable under the 
present assumptions. 

k*V j2\ ± _ 0)e2 fi 

2 CD2 j J / 2 Jib k 2 V 2 2 b ( A . 2 9 ) 

/— OJp 
~iVnJk\v =0-K? VP 

In order to obtain this result from Eq. ( A . 1 8 ) , we 
must retain the first term of the second bracket on 

For kz vA«y2 ooe, the frequency of the electro- the left-hand side and we may say that this wave cor-
static mode is nearly equal to that of the slow responds to the A L F V E N mode. Solving Eq. ( A . 2 9 ) , 

A L F V E N mode, and Eqs. ( 2 2 ) and ( 2 6 ) are not we obtain 
valid. Substituting kz vA = ] / 2 OJe in Eq. ( A . 2 1 ) , 

therefore, we obtain 
- coe + SOJ (A.28) 

co p 
CO = — 

CO 

y2nb 2 + CO2 ß , coe 

kz2 v-f 2 b \ kz ve 

a n d (SOJ)2 = o b K2 vA2 1 - I Y* 
kz ve 

In the case where | w/kz ve , similarly we can 
also analyse the stability by use of Eq. ( A . 2 0 ) and 
find the same unstable modes, but with exponentially 
small growth rates. 

2. Short Wavelength Case (6>1) 

We use the asymptotic formula 
I0(b) e~b^l/y2nb. 

W hen j co | coe, as we can see a posteriori, we 
obtain the relevant dispersion relation from Eq. 
( A . 1 8 ) or from Eq. ( A . 1 9 ) 

which is rewritten as 
(kyjki) r~1(T/2 71M)1'1 

OJ = 
CO p 

( A . 3 0 ) 

. ( A . 3 1 ) 

2 + l f f i T i T - l ' ^ r r i kl J 4 r- kz- \ kz\ve 

Therefore we can see that this mode is unstable. 
When the first term of the second bracket on the 

left-hand side of Eq. (A.18) is negligible compared 
with the second term, we obtain a slightly different 
frequency 

kz \ ve 

which corresponds to the unstable electrostatic mode. 



Appendix C 

Shear Stabilization of Non-convective Electrostatic 
Modes 

Several authors 2' 5 have derived criteria for the 
shear stabilization of non-convective electrostatic 
modes by taking into account the spatial variation 
of a>e . Here, utilizing the results obtained in Ap-
pendix A, the previous criteria are derived and 
compared with one another. 

For simplicity, we assume equal electron and ion 
temperatures. From Eq. (A.18) we have a differen-
tial equation for the perturbations by use of the 
method mentioned in the text 

dx2 -U{x)\<p{x) = 0, 

where 

U(x) = ky2 + 
2 ( OJ + Oi>e 

a~ (co — coe 
TO 9 k ir v\-
2 CO2 

1 - i VJZ 

1 -

(A.33) 

(A.34) 
k|| I ve 

CO(CO — CO e ) 

k\\2 vx2 

Here we assumed 6 ^ 1 and v\ ^ j co\kz | ^ ve . 
Since we consider only the electrostatic modes, we 
can take 

1 > 
CO (co — COg) 

The factor 1 -

k\\2 vx2 

co(oo — coe) 
ki VA~ 

is considered only for the determination of turning 
points of the "potential" U (x). 

1. K R A L L — R O S E N B L U T H Stability Criterion 

K R A L L and R O S E N B L U T H considered a spatial varia-
tion of coe and took x = 0 at a point where coe has a 
maximum value. Expanding U (x) about x = 0, we 
have 

a- co — co.. 
x2 / k2 v-2 

2 \co2L2 CO — CO» , 

(A.35) 

where we write cot = coe(x = 0) and drop the factor 
co (co — coe) 1 

k\\2 vA 

1 5 K R A L L and R O S E N B L U T H considered that the potenial has a 
hill in a small region around x = 0 under the condition 
( A . 3 7 ) . 

In order that a potential well exist around x = 0 in 
the absence of shear, 

CO + CO* 
OO — CO . 

0 , (A.36) 

from which we find [ co : < co0 . The shape of the "po-
tential" changes by the introduction of shear 15. 

For higher values of magnetic shear, such as 

1 -
CO* ^ 1 K2 v 

2 
i 

CO ) ' CO2 L« 2 i 
> co (A.37) 

the coefficent of x2 is negative. Then the width of 
the potential well increases until U (x) becomes posi-
tive again, as we can see using the approximate 
formula of the ion W function for small argument 

co 
k\\ Vi < 1 . 

In the region of large x values, 
| a)/k\\ Vi | < 1, 

the ion L A N D A U damping is strong enough to sup-
press the instability. Because co ̂  — coe we can re-
write (A.37) as follows: 

(L s / r ) 2 <8(r /a ) 2 

Ejr < 2 ] /2(r/a) , (A.38) 

which is taken as a stability criterion. 
If (A.37) or (A.38) is not satisfied, the coeffi-

cient of x2 in U (x) is positive. K R A L L and R O S E N -

B L U T H mentioned that for small shear, 
ky 2 V\~ 

i - ^ co co2 Z, 2 co 

the instability persists although with a slightly alter-
ed growth rate. 

2 . M I K H A I L O V S K A Y A — M I K H A I L O V S K I I - G A L E E V 

Stability Criteria 

M I K H A I L O V S K A Y A and M I K H A I L O V S K I I 1, and also 
G A L E E V 2 derived independently two stability criteria. 
One side of the region of the localization is limited 
by | co/k\\ J < I > A • From this limitation, we have a 
turning point at 

Xx~a Vß Ljr. 

Another turning point which might be taken far 
from xA can be determined from the condition that 



the factor 
0J + 0JE k\\2VA2 

OJ — oje 2 OJ2 

has an extreme value. 
Then we obtain a possible maximum width of the 

potential well 

If Ax<lx^aVr/Ax, that is, Ax < a'* r1', the un-
stable localized solution cannot exist. Then we have 
a stability criterion 

Ljr < 2 y2 (r/a)t/s. (A.39) 

M I K H A I L O V S K A Y A and M I K H A I L O V S K I I 1 also obtained 
another stability criterion 

Ljr<(rla)1'>ß-1\ (A.40) 

Beyond the turning point x = xA, the localized solu-
tion is expressed by use of the A I R E L Y function 16 

,2 \ >/< 

(A.41) 

? i ^ 1 ? ( x A - x y ' \ X e X p l 3 I a2 ) 

where U'(xA) is roughly given by Ax/rxA, that is, 
1 L ß 

U'(xA) 

Then the characteristic length of exponential decay 
which we denote by dx is given by 

öx~2(ar*Vß/Lsy>. 

Finally, we can derive the stability criterion Eq. 
(A.40) from the condition dx>xA — xe where xe is 
defined by ci>e^k\\ ve. 

G A L E E V 2 also obtained almost the same criterion 
as Eq. (A.40). He mentioned that if the trans-
parency condition of a hill between xA and xe is 
satisfied, that is, if 

fVU(x) d x < l , (A.42) 

8 r3 y ß 

the region of existence of the localized solution ex-
pands into the ion L A N D A U damping region. The 
transparency condition Eq. (A.42) is essentially the 
same as dx>xA — xe . However, his statement is not 
right because the ion L A N D A U damping region does 
not lie in a region 

x < xe ( < xA ) , 
but in a region 

X~Xi XA 

where Xi is defined j k\\ vx | = coe . Eq. (A.40) means 
that the localized region of the perturbation extends 
into the region of the electron L A N D A U damping. 

16 H. A . K R A M E R S , Z . Physik 3 9 , 828 [1926]. 

A General Formulation for the Evaluation of Two-center Moment Integral -
An Extension 

W A L T E R A . Y E R A N O S F 

Department of Chemistry, Michael Faraday Laboratories, Northern Illinois University, 
DeKalb, Illinois 60115 

( Z . Natur forschg . 22 a, 1 7 0 1 — 1 7 0 4 [ 1 9 6 7 ] ; r e ce ived 27 June 1967) 

In two recent studies *> 2 we presented a general formulation for the evaluation of two-center 
moment integrals as well as the rotational properties of s, p, and d atomic orbitals needed in the 
quantum mechanical calculations of one-electron properties. In the present investigation, we extend 
the scope of our previous formulation by presenting a series of tabulations useful both to inorganic 
and organic chemists. 

(a) One- and Two-center Transition Moment Integrals 

Our most recent investigation of the intensities 
in the spectrum of XeF4 (1. c. 3) has revealed certain 

t Present address: New England Institute for Medical Re-
search. Ridgefield, Conn., 06877. 

useful internal relationships existant in one- and 
two-center transition moments. These are conve-
niently reported in Tables 1 and 2. It should be 
noticed that, in the case of the two-center integrals, 

1 W. A. Y E R A N O S , Z. Naturforschg. 21 a, 1864 [1966]. 
2 W. A. Y E R A N O S , Inorg. Chem. 5, 2070 [1966]. 
3 W . A . Y E R A N O S , unpublished results. 


